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Over an algebraically closed field of characteristic zero, a smooth projective separably rationally connected variety 
X has H l (X,Ox) = for i > from Hodge theory (see [Deb03] page 249). In positive characteristic we prove 
that at least H 1 (X, Ox) = 0, which is a special case of the following 

Theorem. Let X be a smooth projective variety over an algebraically closed field k and f : C — > X a morphism 
from a smooth projective curve such that f*Tx is an ample bundle. Then H l {X,Ox) = 0. 

Exactly as in the case of C = P 1 , one proves H°(X, {Vg) = for m > 0. Over C the theorem follows as before from 
Hodge theory. The main structure of our proof in positive characteristic follows mutatis mutandis from the proof 
of Theorem 2.1 in Nygaard's paper [Nyg78]. First note that we may restrict to the algebraic closure of a finite 
field by spreading out over a suitable finitely generated F p -algebra A and noting that / : C —> X having f*Tx as 
an ample bundle is an open condition in the setting over Spec A. Hence assume / : C — > X with f*Tx ample is 
defined over F p . Consider now the Artin-Schreier sequence of etale sheaves on X 

(1) -> F p -> G a ^> G Q -> 0. 

The cohomologies of G a and Ox agree and since the latter is coherent, etale and Zariski cohomology agree hence 
we may assume that all cohomology is in the etale site. We obtain an exact sequence 

(2) Q^H 1 {X,V p )^H 1 {X,Ox) I ^H x {X,Ox)^Q 

where the last map is surjective due to SGA7.XXII Proposition 1.2. Suppressing base points, we use a method 
of Suwa [Suw83] to prove that a p-Sylow subgroup in the etale fundamental group ni(X) is trivial (in the case 
of C = P 1 Kollar has proved that tti(X) is trivial, using the de Jong-Starr Theorem, see [Deb03] Corollaire 3.6). 
Suwa, using a computation in crystalline cohomology, first proves that the vanishing of global differential forms 
implies that hi = dim if* (X, Q p ) = for i > from which Xp(X) = J2i(~ ^TK, = 1- The proof is identical in 
our setup. Now pulling back / : C — > X under an etale cover Y —> X gives a smooth projective curve (possibly 
of higher genus) g : C — > Y with g*Ty also ample. If X — > X the universal covering and Y —} X an etale 
cover corresponding to a p-Sylow in ni(X) then X — > Y is etale of degree p r for some r. By Crew's formula, 
X P (X) = p r x P (Y) hence p r = deg(X/Y) = 1. Hence tti(X) has no p-Sylow and so irf(X) ® F p = 0. 

Now H^X^p) = Hom( 7 r 1 (X),F p ) = Hom(?rf (X) g) ¥ p) W p ) = and by SGA7.XXII Proposition 2.25, the semi- 
simple component of H 1 (X, Ox) under the endomorphism induced by Frobenius F is isomorphic to H 1 (X, F p ) 0F p , 
which is trivial. Hence F is nilpotent on iJ 1 (X, Ox )■ The injectivity of the map of the corresponding sheaves 
induces H°(X, Ox/FOx) — > H°(X, tt x ) = and so from the cohomology of the short exact sequence 

(3) O^Ox^Ox^ Ox/FOx -> 

we obtain that F : H 1 {X 1 Ox) — > H 1 (X 1 Ox) is injective. Since F is thus injective and nilpotent on first cohomol- 
ogy, the result follows. 
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